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1. INTR~D~JCTION 
Let K be an algebraic number field and let 01 lie in a finite extension of K. 
The Thue-Siegel-Roth theorem asserts that if the inequality 
I 01 - B I < vww” 
is satisfied by infinitely many algebraic numbers /3 E K, of height E&I), 
then K < 2. Lang ([4], Chapter VI) has given an exposition of this theorem 
for fields K satisfying axioms which are valid in number fields and function 
fields in one variable over fields of characteristic 0. On the other hand, 
Mahler [6] has shown that in the case of characteristic p there are examples 
of function fields in which the most one can say is that K < p. In this paper 
we show that if one excludes cyclic extensions of degree a power of p over K, 
then Roth’s theorem is true in characteristic p. More precisely, we have 
the following complement of Lang’s theorem 1: l 
THEOREM. Let K be a Jield of characteristic p, with a proper set of absolute 
values2 MK satisfying the product formula with multiplicities N, > 1. Let S, 
be a Jinite, nonempty subset of MK. Assume that K is the quotient field of Im 
and that Axiom 1 b3 is satisfied. Let S be a finite subset of MK . For each‘ v E S, 
let 01~ be algebraic over K and assume that v is extended in some way to the 
algebraic closure K. Let K be real and > 2. Then if none of the 01~ lies in a cyclic 
* There is no difficulty in adapting Lang’s geometric formulation ([4], Chapter VI, 
Section 10) to the characteristic p case 
e We use the notation and terminology of 141. 
s Axiom lb is a weak Riemann-Roth condition and is certainly satisfied in function 
fields of one variable. 
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extension of degree a power of p over K, the elements p E K satisfying the 
approximation condition 
have bounded height. 
If K is the transcendental field K = h(t), card(k) = p, and if we consider 
just one absolute value a, then the theorem is the recognizable analog of 
the classical theorem. Namely, let 01 be an algebraic function over K, not in K 
and not in any cyclic extension of K of degree a power of p over K. Then 
if the inequality 
I I ,A <LK 4 ‘141 
has infinitely many solutions h/q with h, q in h[t], then K < 2. Here 1 j 
denotes the extension to the completion of the absolute value defined by 
h I I 4 = P deg h-deg Q. 
The structure of the excluded extensions of K is known ([I], Chapter IX): 
There exist cyclic fields of degree a power of p over K if and only if there 
exist elements a E K for which A+ - x + a is an irreducible polynomial of 
K[x]. For example, in the case K = h(t) considered above, one excludes 
the field generated by a root of xp - x + t-l, which is the field of Mahler’s 
eounterexample. 
This version of Roth’s Theorem has obvious applications to the equal 
characteristic case of the analog of Siegel’s theorem on integral points on 
curves. We hope to return to this question in a future paper. 
We recall that the proof of Roth’s theorem in characteristic 0 depends on 
the (indirect) construction of a polynomial G(X, ,..., X,) such that 
Gqa,..., ty) 4 0 for all derivatives Gu) up to a certain order, whereas 
G’“‘& ,..., fl,,J # 0 for approximations /I1 ,..., B,,, E K and some derivative 
of not too high an order. We establish the existence of G in two steps. First, 
by a box argument we construct a polynomial satisfying the first condition 
(cf. [7], part of Lemma 9 or [4], Proposition 1). Then we show that a suitable 
derivative factorizes to give the second condition ([7], second part of Lemma 9 
or [4], Proposition 2). This factorization property depends on properties of 
certain generalized Wronskians and it is precisely at this point that the -proof 
fails in characteristic p. By using operators 
1 a kl 1 a k, -- - 
f 1 
. . . -- - 
k,! ax, f > Km! ax, 
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on the differential ring K[X, ,..., X,] (cf. the semiderivations of DieudonnC, 
[3]) we relate the analog of Roth’s generalized Wronskians to linear 
dependence over the ring K[X,p,..., X,@] (instead of K as in characteristic 0). 
The second stage of the construction then goes through by excluding 
polynomials G(X, ,..., X,) in K[X,p ,..., X”,“]. This involves some restriction 
on the OL in the first stage, namely the exclusion of cyclic extensions of degree 
a power of p. We follow Lang’s account since his exposition is already in 
axiomatic form. (The reader who prefers the more concrete accounts in [2], 
[5] or [7] should h ave no difficulty in identifying the steps. Roughly speaking, 
Sections 2, 3,4, and 5 below correspond to Sections 3, 3, 4, and 7 (resp.) 
of Roth) Moreover, most of the details of the characteristic 0 case go through 
and we shall not repeat them here. Instead, we indicate the necessary 
modifications to the main steps of the proof and we hope that the reader 
will not find it inconvenient to work with one of the references at his side 
(preferably [4]). For expository purposes, we describe the construction of G 
in the order opposite to that outlined above. 
2. WRONSKIANS 
(We refer the reader to [4], Chapter VI, Section 6, Proposition 3.) Let K 
be a field of characteristic p, let g(X, ,..., Xn) be an element of the formal 
power series ring o = K[X, ,.. ., Xmj, and consider the Taylor expansion 
g(X, + Yl 9---P Xm + Ym) = C A,c (X)Yk 
k 
in terms of indeterminates Y, ,..., Y, . Here the operators A, are monomials 
where Di denotes formal differentiation with respect to Xi . That is, Di 
(D,i in the notation of [3]) is the coefficient of Yi in (1). 
We use the operators A, in place of the usual differential operators. The 
degree of A, is tZ, + a*- + k,,, . The ring o1 = K[[Xpl = K[Xrp,..., X,q 
is the ring of constants of o with respect to the derivations Dl ,..., D, . With 
this notation we state the following adaptation of Lang’s Proposition 3. 
(In the proof note that if Ai is an operator of degree i, then DAi is either an 
operator of degree i + 1 or the zero operator.) 
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LEMMA 1. Let F be the daserential Jield K(X, ,..., X?,J and let k = 
K(XgJ,..., X,P) be the constant field for the derivations D, ,..., D, of F dejined 
by (1). Let B(Y) denote the operators Ai of degree < Y. Let x1 ,..., x,, be elements 
of F. Then x1 ,..., x,, are linearly dependent over k if and only if 
for all Ai E 9(i). 
det(Aixj) = 0 
3. FACTORIZATION OF A POLYNOMIAL 
Our next lemma is concerned with the factorization of polynomials in 
KFG >a.., X,] and is the equal characteristic analog of [4], Section 7, Lemma I 
or [7], Section 3, Lemma 2. 
LEMMA 2. Let K be ajield of characteristicp. Let G(X) = G(X, ,..., X,), 
m 3 2, be an element of K[X] not in K[XP] and of degree < rj in Xj for 
1 < j < m. Then there exists an integer 1 satisfying 1 < 1 < r,,, + 1 and 
operators A,, ,..., A,-, as defined by (1) of degrees 6 O,..., 1 - 1 respectively 
such that if 
F(X, ,..., X,) = det (A” $0,” G) 
then F f 0 and 
W, ,..., -G) = WI ,‘.., &I-dJ%%J 
where U, V are polynomials; U is of degree at most lrj in Xj , 1 < j < m - 1, 
and V is of degree at most lr, in X,,, . 
Proof. The proof is essentially the same as in characteristic 0. Note 
that Lang’s observation about introducing factorials in the denominators 
([q, p. 109) need not cause alarm; the resulting operators are the ones we 
are using. The modifications to the proof are as follows: 
Consider all representations of G in the form 
G(X) = q&K,&(X~ ,..., Xn-,I + *a- + ~a-&G#a-,(X, ,..., &n-J, 
where the p)” , I/, are polynomials with coefficients in K, not in K[X,p], 
K[-qP,..., x;-,] respectively. (Such a representation is possible since 
G 4 K[Xp].) Choose one for which 1 is least. Then the 9, , #, are linearly 
independent over K(XIn,..., X,“) and so, a fortiori, over K(X,*), 
K(XI”,..., Xi-r) respectively. The proof can now be completed as in 
characteristic 0. 
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4. THE FIRST MAIN LEMMA 
The definition and properties of the index now follow exactly as in charac- 
teristic 0 (cf. [4], Section 8 or [7], Section 4) and we simply state the following 
version of Lang’s Proposition 2: 
LEMMA 3. Let K be a $eld of characteristic p with a proper set of absolute 
values MK satisfying the product formula with multiplicities N, > 1. Let S 
be a fkite subset of MK and let N = CVcs N, . Let 0 < S < (1/16)“+N and 
let rj (1 < j < m) be integers satisfying 
Sr, > r2 ,..., Sr, > 10. (2) 
Let G(X, ,..., X,) be an element qf K[X] not in K[Xp14 of degree < rj in Xj 
and let &(I < j < m) be elements of K with H(flj) = Hj . Assume that 
Nlog4+4m <SlogH, (3) 
r1 log H1 < rj log Hi (4) 
H(G) < Hy. (5) 
Then 
ind r(,+aJG) G (20)” w”)~- 
5. THE SECOND MAIN LEMMA 
We turn now to Lang’s Proposition 1 ([4], Section 4, 5 or [7], Lemma 9, 
(i), (iii)). We must ensure that the polynomial G of that proposition does not 
contradict the extra condition G 6 K[X*] imposed in Lemma 3 above. In 
fact we have the following modified form of Lang’s Proposition 1. Note the 
additional hypothesis on the roots off and the property (6) of G in place 
of G # 0. 
LEMMA 4. Let K be a Jield of characteristic p with a proper set of absolute 
values n/l,. Let S be a nonempty subset of MK and let I, be the integers of K 
and assume that Axiom 1 b ([4]) holds. Let f (Y) be a polynomial in one variable in 
I,[Y15 with leading coeficient 1 and of degree n, whose roots do not lie in a cyclic 
extension of K of degree a power of p. Let rl ,,.., r,,, be integers > 0, and let 
0 < E < l/2. Then for all m > (2n/C,,)z ‘Qhere exists a polynomial 
W’, ,..., Xm) $ K[&“,..., K2’1 (6) 
4 This is the only modification to Lang’s proposition. 
5 In this section we use K[Y] to denote polynomials in one variable. 
o The constants are those in [4]. 
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in Im[X] satisfying 
If 
deg G in Xi is <rj. (7) 
then for any root (Y off we have 
G(i)(a,..., a) = 0 
(9) 
B,(G) < C:,+-- where C, = C,(K, S, , f ). 
Proof. As in characteristic 0, the proof is indirect. Our task is somewhat 
harder since we must construct a polynomial G satisfying (7), (8) and (9) 
as well as the stronger condition (6). In particular, we have to construct 
a polynomial G such that G(Y,..., Y) is divisible byf(Y) but G(X, ,..., X,) 4 
KIXl~,..., x,*1. 
Since G(Y,..., Y) is to be divisible by f(Y), G must be in the kernel of 
the map 7 defined by the composition 
7j : K[X, ,...) x7%] - qy,..., y1-L JqYlI(f (Y)>, (10) 
where (f(Y)) denotes the ideal generated by f( Y). 
If G is in K[Xrp,..., X,D], then G is in the kernel of the map 0 defined by 
the compositions 
e : K[X, ,. , . , X,] 2% Iqx, , . .., X,) 
2% K(X, ,.*., X,)/K(X,“, . ..) X,“) 
z wllMYN~ (11) 
where g(Y) is a polynomial corresponding to some cyclic extension of K of 
degree a power of p. 
Now the polynomials F(X, ,..., X,) in IJXj satisfying degF in X, < r3 
and B,(F) < B,,Y (cf. [4], Section 5) are a vector space over the constants of 
dimension at least 
(Yl + 1) *-* (r, + 1) C#. 
The polynomials in this space satisfying the extra condition F(X) EI,[X~] 
form a subspace of dimension at most 
p-"(Q + 1) -** (r, + 1) Cz@, 
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where C, is the constant in Lang’s Axiom lb. It follows from (10) and (11) 
that we may exclude this subspace provided that we exclude all polynomials 
g(U) which correspond to cyclic extensions of K of degree a power of p. 
In order to guarantee the existence of a polynomial G satisfying all our 
conditions (cf. [4], p. 105, (14b)), we require that 
(5 + 1) *.. (r, + l)(C, -p-%)Vd > ; . & * (YI + 1) 1.. (Y, + 1) 
m 
and we modify Lang’s argument on p. 106 by ensuring that 
P”G > G and m > (2n/ClJ2. 
5. COMPLETION OF THE PROOF 
The theorem follows from Lemmas 3 and 4 as in [4], Section 3 or [7], 
Section 8. 
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